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The effective bulk modulus K  is predicted by (Mori and Tanaka 1973) 
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Table 1: Material properties of germanium (Ge) and silicon (Si) 
Material iE (GPa) iQ iU (
3Kg m< ) iP (GPa) iK (GPa) 
Ge 132 0.26 5.33ǘ103 52.38 91.67 
Si 173 0.26 2.33ǘ103 68.65 120.14 
The material properties of both germanium and silicon (Witvrouw and Mehta 2005) are listed in Table 
1. The effective Young’s modulus E  can be deduced from Equations (1)- (4)  
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where -12 2 -1 20 = 8.854 10 C N mH
u  is the permittivity of vacuum, 341.055 10 Jsh  u  is Planck’s 
constant divided by 2S  and 8 1= 3 10 msc u  is the speed of light. Based on the principle of virtual 
work, the non-dimensional dynamic equation of an FGM micro-beam accounting for a viscous damping 
dc  per unit length can be expressed as (Jia et al. submitted) 
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where the effective modulus Eˆ E  for a narrow beam ( 5b h ) and  2ˆ / 1E E Q   for a wide 
beam ( 5b ht ). The associated boundary conditions of the micro-beam are 0,w   0w xw w  











































2.2. Galerkin procedure 
In order to transform Equation (7) into a finite-degree-of-freedom system with ordinary differential 
equations in time by Galerkin procedure, the deflection is expressed by 











where  iy W  is the kth generalized coordinate and  i xI  is the kth linear undamped mode shape of the 
straight micro-beam which satisfies orthogonality condition 
1
0 i j ij
dxII G ³  where 0G   if i jz  and 
1G   if i j . Multiplying Equation (7) by   4[1 ( )]j x w xI   to include the complete contribution of 
the nonlinear force and integrating from 0x  to 1, a set of ordinary differential equations in time can be 
obtained. Assuming that the first mode is dominant while the effect of other modes is insignificant and 
can be neglected, one has 
,t TW   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Finally, Equation (7) can be expressed as 
   2 3 4 2 3 43 4 5 6 3 4 5 64 6 4 2 4 6 4y y yy y y y y y y y yy y y y y y yF F F F [ F F F F                     
   2 3 4 5 6 7 2 32 3 4 5 6 7 0 0 1 2 3 cos( )y y y y y y F y y y tH H H H H H K K K K           :  (12) 
where the term involving 2ACV  is dropped since normally 
2 2
0ACV V  for resonance of micro-beam. The 
normalized fundamental frequency 1 1Z  , and the expression of all parameters in Equation (12) are 
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2.3. Average method 
The method of averaging is employed in this study to analyze the dynamic equation (Nayfeh 1993). It 
is noted that near-resonant behavior is the principal operation regime of the proposed system, hence a 
detuning parameter 1V  is introduced as 
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To facilitate the perturbation method of averaging, the following constrained coordinate transformation 
is introduced 
cos ,y A \  sin ,y A \  :  2 cos sin cosy A A A\ \ T \  :  :  :   (19) 
in which \ W T :  . Substituting Equation (19) for ,y y  and y  in Equation (18), and applying the 
method of averaging yields the frequency-response equation 
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where the parameter [  is related to the quality factor Q  by 2Q[  : .  
3. Result and discussion 
3.1. Comparison and Verfication 
The geometric and material parameters of the homogeneous poly-silicon micro-beams considered in 
this section are given in Table 2. The condition for resonance is 0dA d:   in Equation (20), where 
the magnitude of response is at its peak rA  and we define the normalized nonlinear resonance frequency 
as 1r Z: . In Figure 2, results for 1r Z: obtained from present analysis are compared with the 
existing theoretical and experimental ones reported by Tilmans and Legtenberg (1994). The D.C. 
polarization voltage is 0 2VV   for the first three points. The other points were measured under 
0 1VV  . The quality factors 592Q   were extracted using an equation derived from their analysis, 
whose theoretical results are not quantitatively in good agreement with the experiments. The discrepancy 
is due to the variations in the sealing pressure of micro-beam encapsulation which can lead to a wrong 
measurement of Q ( Tilmans and Legtenberg 1994). Here, the quality factor is determined to be 
269Q   by matching the 1r Z:  value obtained from Equation (20) to the experimental value. Using 
this value, our results are in good agreement with experimental data. 
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Table 2: Geometric and material parameters of the poly-silicon micro-beam 
L (ȝm) b (ȝm) g0 (ȝm) h (ȝm) E (GPa) 
210 100 1.18 1.5 151 
 
 
Figure 2: Comparison of the normalized resonance frequency vs. the A.C. drive voltage. 
The frequency response for FGM micro-beams with different volume fraction index is shown in Figure 
3. The jump phenomenon occurs and it is due to the hardening effect from nonlinear deformation. It is 
found that decreasing volume fraction index n will enhance the hardening effect of the nonlinearity, 
decrease the resonance amplitude rA defined as the peak point of the frequency-response curve, and it will 
slightly decrease the normalized nonlinear resonance frequency. Figure 4 shows the frequency-response 
curves at different AC voltage ACV  when n=5. The jump phenomenon occurs when ACV  is sufficiently 
high. Increasing the amplitude of the AC voltage from 0.01V to 0.2V moves the left and right parts of the 
frequency-response curve further away from each other, and pushes both the resonant amplitude rA  and 
normalized nonlinear resonance frequency to higher values. 
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  Experiment (Tilmans and Legtenberg 1994)
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3.2. FGM Micro-beams 
 
Figure 3: Frequency-response curves for various volume fraction index n. 
 
 
Figure 4: Frequency-response curves for various AC voltages ACV .  
4. Conclusions 
Forced vibration of micro-switches under combined electrostatic, intermolecular forces and axial 
residual stress is investigated using Galerkin procedure and the method of averaging. An analytical study 
which accounts for both force nonlinearity and geometric nonlinearity has been conducted to examine the 
effects of material composition and AC harmonic force on the frequency response characteristics. It is 
found that (1) the stiffness of micro-beam will increase as the volume fraction n decreases and the AC 
voltage increases; and (2) a higher volume fraction n and AC voltage can result in higher resonance 
amplitude and normalized nonlinear resonance frequency.  
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